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Abstract
This paper considers a type of generalized large q SYK models which include multi-
body interactions between Majorana fermions. We derive an effective action in the
limit of large N and large q (with q
2
N small), and find a universal expression for
thermodynamical quantities. We also consider the chaos exponent using the retarded
kernel method and find an efficient way to calculate the Lyapunov exponent for
generalized large q SYK models numerically.
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1 Introduction
The Sachdev-Ye-Kitaev model [1, 2, 3, 4] is a quantum mechanics model describing Near
Extremal Black Holes [5, 6]. It is also the first example demonstrating NAdS2/NCFT1 holo-
graphic duality [7, 8, 9, 10]. The standard SYK model contains N Majorana fermions with
random q-local interactions. We consider a variant of this model by including various types
of all-to-all interactions and solve the theory in the double-scaling limit [11, 12, 13, 14, 15]
where we take q and N to infinity and keep q
2
N
fixed and small. We show that the large
N effective action (14) describes a two dimensional scalar field with a general potential.
Using the effective action, we derive its themodynamic relation and the Lyapunov expo-
nent of OTOC (out-of-time-ordered correlator). We find that the OTOC is given by the
Lorentzian propagator of the scalar field and therefore is controlled by its potential. In the
generalized large q SYK model we are considering, the chaos exponents correspond to the
energies of the bound states and we will show that in such models there exists a unique
Lyapunov exponent.
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This work can be used to understand the qualitative behavior of Lyapunov exponent
under relevant deformations. Our generic expectation about the Lyapunov exponent is
that it is governed by IR modes of the theory. This means irrelevant deformations will not
induce any change of the Lyapunov exponent as well relevant deformations will become
important as we lower the temperature. And when the relevant deformation grows, the
dynamics will be dominated by the lowest dimensional operator, e.g if we add a mass term
the theory will be gapped and there is no chaos behavior [16, 17]; if the lowest dimensional
operator is four fermion interaction or higher, the theory flows to the standard SYK model
with maximal Lyapunov exponent. It is the behavior of the transition along the RG flow
that we want to address.
The paper is organized as follows: in section two, we set up the analytic investigation of
the generalized large q SYKmodel and derive the double-scaling effective action; in sections
three and four we derive its thermodynamic relation and study the Lyapunov exponent;
in section five, we explore some concrete examples including large q and 2q model, and a
scaling model where the interactions contain all q-fermion interactions with a particular
distribution of the coupling strength; in section six, we show that the Lyapunov exponent
is unique.
2 Generalized large q SYK model
SYK is a zero dimensional quantum mechanics model of N Majorana fermions χi with all
to all q fermion interactions:
H =
∑
1≤i1<...<iq≤N
(i)
q
2Ji1...iqχi1 ...χiq (1)
The random interaction strength Ji1...iq satisfies a gaussian distribution: 〈Ji1...iqJk1...kq〉 =
J2(q−1)!
Nq−1 δ
i1...iq
k1...kq
.
There are several important features of this model in the limit of N going to infinity:
First, Feynman diagrams are dominated by melonic diagrams; Second, the theory is exactly
solvable if we further assume q is large; Third, when q > 2, the model develops conformal
symmetry at IR; Fourth, the conformal symmetry is slightly broken leaving only a SL(2,R)
subgroup unbroken, and the pseudo-Golstone boson is controlled by the Schwarzian action;
Last, the unbroken SL(2,R) symmetry gives rise to the maximally chaotic behavior of SYK
at IR [18, 19].
If one is only interested in the low energy behavior of this theory then only the lowest
dimensional operator matters so it can be classified to be either gapped (when the lowest
dimension operator is two-local) or maximally chaotic (when the lowest dimension operator
is four-local or higher). However, since here we want to talk about the Lyapunov exponent
at all temperature scales, different types of interactions will indeed change its behavior. On
that account we extend our Hamiltonian to include different types of interactions denoted
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by qi (1 ≤ i ≤ K):
H =
qK∑
q=q1
∑
1≤i1<...<iq≤N
(i)
q
2Ji1...iqχi1 ...χiq (2)
We are taking Ji1...iq to be independent gaussian disorder variables with zero mean and
variance J2q
(q−1)!
Nq−1 . In the limit of large N , we can use melon diagrams (figure 1) to write
down the Schwinger-Dyson equation in Euclidean time τ :
1
G(ω)
= −iω − Σ(ω), Σ(τ) =
qK∑
q=q1
J2q [G(τ)]
q−1 (3)
where we define the disordered average two point function in a thermal state G(τ1− τ2) =∑
i
1
N
〈Tχi(τ1)χi(τ2)〉β. 〈Tχi(τ1)χi(τ2)〉β is defined as
〈Tχi(τ1)χi(τ2)〉β = θ(τ1 − τ2) Tr [ρ(β)χi(τ1)χi(τ2)]− θ(τ2 − τ1) Tr [ρ(β)χi(τ2)χi(τ1)] , (4)
with ρ(β) = e−βH being the density matrix and we have used the time translation invari-
ance to simplify the two point function. Σ(τ) is the self energy and is represented by the
black bulb in figure 1. The self energy is a sum of different products of two point function
determined by our interaction. Allowing some of the Jqi ’s to be zero, we can assume {qi} is
a sequence with increment 2 from q1 to qK . Clearly, from the SD equation, the low energy
limit is only determined by q1 in the summation of self energy. To solve the SD equation
Figure 1: The diagrammatic representation of the Schwinger-Dyson equations. The grey
circle represents the full two point function and the black circle represents the one particle
irreducible contributions.
at all temperature scales analytically, we can take the large q limit. To be more precise,
we consider the case that all the qi scale to infinity at the same rate:
qi = αiq;
1
q
 α1  1 αK  q; δα = αi+1 − αi = 2
q
; (5)
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Considering J2(α) = q
2
J2αq, one can write down an integral expression of the SD equation:
1
G(ω)
= −iω − Σ(ω), Σ(τ) = lim
q→∞
∑
i
δαJ2(αi)G(τ)
αiq−1 =
∫ ∞
0
dαJ2(α)G(τ)αq−1.
(6)
where the lower bound α1 and upper bound αK are taken to be 0 and ∞ respectively.
This SD equation can be formally obtained by the following symbolic Hamiltonian:
H =
∫ ∞
0
dα(i)
αq
2
∑
M
JM(α)χ
αq
M (7)
where (i)
αq
2
∑
M JM(α)χ
αq
M stands for a SYK type αq-local interactions. M = {i1...iαq}
enumerates all possible αq fermions. And the interactions strength satisfies:
〈JM(α)JM ′(β)〉 = J
2(α)Γ(αq)
Nαq−1
δ(α− β)δM,M ′ (8)
We call this model (7) the generalized large q SYK model.1 One can also try to keep
some of the qi finite, which corresponds to deforming the Hamiltonian with a finite q
deformation. One such example is to deform the large q SYK with mass term, which has
a low energy interpretation of a double trace deformation of JT gravity [20, 21, 22, 23].
We can use the following ansatz to solve the SD equations 2
G(τ) =
1
2
sgn(τ)
[
1 +
1
q
g(τ) + . . .
]
, (9)
Σ(τ) =
∫ ∞
0
dαJ2(α)21−αqsgn(τ)eαg(τ)(1 + . . . ). (10)
The SD equations imply that
g′′(τ) = U(g) ≡ 2
∫ ∞
0
dαJ 2(α)eαg(τ) (11)
where J 2(α) = q21−αqJ2(α) and we define U(g) such that the SD equations become New-
ton’s equation for a particle under a classical force U(g). The KMS condition demands that
the particle bounces back to its original location after time β, i.e. g(0) = g(β) = 0 (See fig-
ure 2). We also see that U(g) can be very general since it is a Laplace transformation of an
arbitrary positive function J 2(α). If we further define the potentialW (g) = − ∫ g−∞ dg˜U(g˜),
then it follows that
g′(τ) = −
√
2 [W (gm)−W (g)], τ(g) =

∫ 0
g
dg√
2[W (gm)−W (g)]
, τ < β
2
β − ∫ 0
g
dg√
2[W (gm)−W (g)]
, τ > β
2
(12)
1Strictly speaking, this Hamiltonian is only defined if the J(α) is centered at even integer values of αq.
In large q limit, as we have shown above, one can just treat it as a positive continuous function of α.
2Higher order in 1q was considered in [24].
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where gm is the location at which the particle bounces (gm ≤ g(τ) ≤ 0) back and it is
related to β by:
β =
√
2
∫ 0
gm
dg√
W (gm)−W (g)
(13)
From the definition of U(g), the potential W (g) has the property that all its derivatives
are negative and in particular it is monotonic and always less than zero. Therefore, when
gm becomes more and more negative, the temperature of the system approaches to zero.
So the system flows from UV to IR as we move leftwards along the g-axis as shown in
Figure (2).
Figure 2: The figure depicts the scattering of a particle from the potentialW (g). The total
time it takes for the particle to return to the origin defines β. Increasing β corresponds
to scattering the particle with a higher energy and the particle penetrates deeper into the
g < 0 region. The thermodynamic quantities are determined by the potential in the region
gm ≤ g ≤ 0 while the Lyapunov exponent is determined by the potential in the region
g ≤ gm.
The large q Schwinger-Dyson equation can also be derived from the large N effective
action obtained from the original fermion path integral using the replica method. In the
standard large q SYK model, one arrives at a Liouville field theory [20]. Using the same
derivation with some small modifications, our effective action becomes:
SE = −S0 + N
8q2
∫ β
0
dτ1
∫ β
0
dτ2
[
1
2
∂τ1g(τ1, τ2)∂τ2g(τ1, τ2) +W (g(τ1, τ2))
]
, (14)
where S0 = N2 log 2 is the entropy of N free Majorana fermions. The derivation of the
effective action is included in appendix A. The g field is defined in equation (9). It is
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symmetric with respect to τ1 and τ2 as dictated by fermion statistics. Also from the KMS
condition, it is periodic with inverse temperature β. Finally, since the theory is free at UV,
it vanishes at coincident points: g(τ, τ) = 0. We can also define the following coordinates
τ˜ = τ1 + τ2, σ˜ = τ1 − τ2 (15)
which can be considered as describing the kinematic space. In terms of the kinematic space
coordinates, the action (14) describes the most general type of scalar field theory, though
we need to keep in mind that the possible forms of the potentialW (g) are restricted. From
this effective action, we can calculate the two point function G(τ1, τ2) to leading order 1q
by simply taking its expectation value:
G(τ1, τ2) =
1
2
sgn(τ12) +
sgn(τ12)
2q
〈g(τ1, τ2)〉 (16)
where 〈g(τ1, τ2)〉 represents doing functional integral over g with the effective action (14).
In the large N limit, the expectation value is determined from its classical solution and is
the same as (12) from the SD equation after using the translation symmetry.
Below, we will use this action and its classical solution to study the thermodynamics
and chaos behavior of the generalized large q SYK model.
3 Thermodynamic quantities
In the leading large N approximation, the free energy can be obtained by simply evaluating
the on-shell action (14) of its classical solution. In particular, we will study the classical
solution which has the translation symmetry so that g(τ1, τ2) = g(τ12). The on-shell action
for such classical solution (12) then becomes (subtracted by S0):
βF =
Nβ
8q2
∫ β
0
dτ
[
−1
2
∂τg(τ)∂τg(τ) +W (g(τ))
]
(17)
It will be convenient to define the constant N = N
8q2
. We can use (12) to get rid of the
kinetic term and arrive at the following expression for free energy:
F = N
∫ β
0
dτ
[
−1
2
∂τg(τ)∂τg(τ) +W (g(τ))
]
= NβW (gm)−2
√
2N
∫ 0
gm
dg
√
W (gm)−W (g)
(18)
where gm as we have discussed in the previous section is the locus where the particle
bounces back. Since gm is uniquely determined by the temperature β, we shall treat gm as
the thermodynamic variable. We can calculate the energy using the following argument:
if we consider J 2(α) = J 2f(α) where J is a constant that defines the scale, then β and
J should appear together in the expression. The only J dependence in (14) is from the
potential W (g) and this gives us
J ∂J (−βF ) = −2N
∫
dτ1dτ2W (g(τ1, τ2)) = −βE (19)
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Therefore, we can also express the energy E in terms of the potential W (g) and the
thermodynamic variable gm as:
E = 2NβW (gm)− 2
√
2N
∫ 0
gm
dg
√
W (gm)−W (g) (20)
We find that the expression of the free energy F and the expression of the energy E only
differs by NβW (gm) + TS0 which is equal to the product of temperature and entropy.
Therefore, all the thermodynamic quantities can be determined from the potential W (g)
and the variable gm in the generalized large q SYK model:3
F = −NβW (gm) + E − S0
β
, S = S0 +Nβ2W (gm) (21)
It is not obvious from the expressions (21) that the energy E and the entropy S would sat-
isfy the thermodynamic relation. However, we can check explicitly that these expressions
indeed satisfy the thermodynamic relation ∂βE = 1β∂βS. Because the thermodynamic vari-
able gm is uniquely determined by β, we can equivalently check the relation ∂gmE = 1β∂gmS.
The explicit calculations give
1
β
∂gmS = N
(
2W (gm)
dβ(gm)
dgm
+ β∂gW (gm)
)
= 2N d
dgm
(βW (gm))−Nβ∂gW (gm) (22)
∂gmE = 2N
d
dgm
(βW (gm))− 2
√
2N d
dgm
(∫ 0
gm
dg
√
W (gm)−W (g)
)
= 2N d
dgm
(βW (gm))−Nβ∂gW (gm) (23)
We see that our expressions for the thermodynamic quantities of the generalized large q
SYK model do satisfy the thermodynamic relation.
4 Chaos exponent
In this section we study the chaos behavior of the generalized large q SYK model. We need
to consider the following out-of-time-ordered correlation function (OTOC) in Lorentizian
time [2]
F (t1, t2) =
1
N2
N∑
i,j=1
Tr [yχi(t1)yχj(0)yχi(t2)yχj(0)] , y ≡ ρ(β)1/4. (24)
3It is interesting that the the final result has an explicit dependence on the potential. A similar behavior
happens for 2d dilaton gravity where the thermodynamic relation only depends on a similar quantity called
prepotential [25]
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The fermions in (24) are separated by a quarter of the thermal circle. Instead of calculating
F (t1, t2) directly, we could obtain it by the analytic continuation of the Euclidean correlator
〈G(τ1, τ2)G(0, 0)〉β. Since G(τ1, τ2) is related to g(τ1, τ2) by (16), we need to compute the
Euclidean correlator 〈g(τ1, τ2)g(0, 0)〉β using the large N effective action (14). It is more
convenient if we change to the kinematic space coordinates (15) and analytically continue
back to Lorentzian signature. The resulted Lorentzian action is
iSM = iN
∫
dtdσ
[
1
4
(∂tg(t, σ)∂tg(t, σ)− ∂σg(t, σ)∂σg(t, σ))− 1
2
W (g)
]
(25)
where t and σ are the analytic continuations of the kinematic space coordinates τ˜ and
σ˜ defined in (15). In the large N limit, the leading connected piece in 〈g(t, σ)g(0, 0)〉β
(t = t1 + t2 and σ = t1 − t2) will be given by the two-point function of the fluctuation
g(t, σ) around the classical solution gc(σ): 〈g(t, σ)g(0, 0)〉β. The quadratic effective action
for g(t, σ) is
iSgg = iN
∫
dtdσ
1
4
[
∂tg(t, σ)∂tg(t, σ)− ∂σg(t, σ)∂σg(t, σ)− ∂2gcW (gc(σ))g2(t, σ)
]
(26)
The two-point function K(t, σ) = 〈g(t, σ)g(0, 0)〉β is just the propagator of g, which satis-
fies the differential equation[−∂2t + ∂2σ − ∂2gcW (gc(σ))]K(t, σ) = 2iN δ(t)δ(σ) (27)
Since we want to study the exponential growth of K(t, σ) at late time, we will use the
ansatz K(t, σ) = e
λt
2 fλ(σ) as guaranteed by the translation symmetry of t in (27) and
look in the regime t  1. After plugging the ansatz into (27), we obtain the following
differential equation for fλ(σ):(
λ2
4
− ∂2σ
)
fλ(σ) = −∂2gcW (gc(σ))fλ(σ) (28)
which is same as the Schro¨dinger equation for a particle moving in the potential ∂2gcW (gc(σ)).
Thus, the problem of finding the Lyapunov exponent for the generalized large q SYK model
becomes a quantum mechanical problem of finding the spectrum of the bound states for a
particle in the ∂2gcW (gc(σ)) potential. Although the form of potential W as a function of
g is simple, the form of the classical solution gc(σ) is usually complicated. Therefore, it is
more useful if we can express (28) purely in terms of variable g. We can obtain a relation
between the two variables g and σ by analytically continuing (12):
τ =
β
2
+ iσ = −
∫ g
0
dg˜
1√
2(W (gm)−W (g˜))
=
β
2
− i
∫ g
gm
dg˜
1√
2(W (g˜)−W (gm))
(29)
Here the variable g is in the range (−∞, gm), so the particular branch we have chosen
corresponds to σ ∈ (0,∞). For σ ∈ (−∞, 0), we need to choose the other branch to do
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the analytic continuation. Here, we will just work with the branch corresponding to σ > 0
so we can express σ in terms of g by the following equation:
σ =
∫ gm
g
dg˜
1√
2(W (g˜)−W (gm))
(30)
with g ∈ (−∞, gm). Recall that when we calculate the various thermodynamic quantities
in the previous section, we only need the information about the potential W (g) in the
region g ∈ (gm, 0) while here we see that the chaos behavior is completely determined by
the part of the potential W (g) in the region g ∈ (−∞, gm) in figure 2. This manifests the
fact that the chaos behavior is controlled by the IR degrees of freedom of the system. Now
we can use (30) to write the differential equation (28) purely in terms of g variable with g
in the range of (−∞, gm) as
2
√
W (g)−W (gm)∂g
(√
W (g)−W (gm)∂gfλ(g)
)
=
(
λ2
4
+ ∂2gW (g)
)
fλ(g) (31)
which we can use to calculate numerically the Lyapunov exponent without solving (12)
directly. The boundary condition for the ground state wavefunction is f ′λ(gm) = 0.
5 Results of specific models
5.1 Large q and 2q model
We consider the model which corresponds to the SYK model with a large q and 2q inter-
actions. Specifically, the Hamiltonian for the model is
H = (i)
q
2
∑
1≤i1<···<iq≤N
ji1...iqχi1 . . . χiq + (i)
q
∑
1≤i1<···<i2q≤N
ki1...i2qχi1 . . . χi2q (32)
〈j2i1...iq〉 =
2q−1
q
J 2(q − 1)!
N q−1
, 〈k2i1...i2q〉 =
22q−1
2q
K2(2q − 1)!
N2q−1
(33)
Using our formalism, this corresponds to a generalized large q SYK model with the
following U(g):
g′′(τ) = U(g) = 2J 2eg +K2e2g (34)
The corresponding potential W (g) is then W (g) = −2J 2eg − 1
2
K2e2g. We can express
the inverse temperature β in terms of the thermodynamic variable gm defined in previous
section by using (13). We then obtain the following relation:
β =
2e−
gm
2 Θ√
4J 2 + egmK2 (35)
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where the Θ is defined as
cos Θ =
(−2 + 4egm)J 2 + e2gmK2
2J 2 + egmK2 . (36)
For fixed J and K, we see that as gm goes from 0 to −∞, the angle Θ ranges from 0 to pi
and β increases from 0 to ∞. Since K appears in both (35) and (36) with egm prefactor,
at low temperature (gm  0) K is strongly suppressed, which is expected because at IR
the q-fermion interaction dominates. The entropy for this model can be calculated using
(21) and we get
S = S0 − 2NΘ2 (37)
At zero temperature, the correction becomes − pi2
4q2
which is identical to the standard large
q SYK model as expected.
We can numerically calculate the Lyapunov exponent for this model using (31). On the
other hand, we can actually solve (34) analytically and then use perturbation theory to
calculate the Lyapunov exponent at the low temperature regime where the q-fermion in-
teraction dominates and at the high temperature regime where the 2q-fermion interaction
dominates. The details of the perturbative calculations are included in the Appendix C.
We show in figure 3 the numerical result for the Lyapunov exponent at different tempera-
ture scales and compare it with the analytic results from the perturbation theory. The red
(dotted) curve shows the behavior of the Lyapunov exponent at the temperature where
the 2q-fermion interaction dominates, and the perturbation calculation shows that adding
the relevant interaction decreases the chaos exponent until the relevant perturbation dom-
inates which is described by the green (dashed) curve. At lower temperature the theory is
described by standard SYK with single q-fermion interactions.
5.2 Scaling model
In this section, we consider the model with the couplings J 2(α) = J 2αn which we will
refer as the scaling model for the reason shown afterwards. This model corresponds to the
following U(g) and W (g):4
U(g) = 2
∫ ∞
0
dαJ 2αneαg = 2J
2Γ(n+ 1)
(−g)n+1 , W (g) = −
2J 2Γ(n)
(−g)n (38)
The thermodynamic quantities can be calculated using (20) and (21):
S = S0 − 2Nβ
2J 2Γ(n)
(−gm)n , E =
8NβJ 2Γ(n)
(n− 2)(−gm)n (39)
4This is an approximation only applicable in the large q limit where the lower cutoff should be order of
1
q . There could also be an upper bound for the number of fermion interactions, in that situation our result
applies to the intermediate temperature region where those high dimension operators become negligible.
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Figure 3: The figure shows the log plot of the Lyapunov exponent against β for the large
q and 2q model with J = 1 and K = 100. The red (dotted) curve shows the result from
the perturbative calculation when βK  1 and (βJ )2  βK, while the green (dashed)
curve shows the result from the perturbative calculation when βJ  1 and (βJ )2  βK.
The relation between gm and β is given by (13) as
βJ =
√
pi
Γ(n)
Γ( 1
n
+ 1
2
)
Γ( 1
n
)
(−gm)n+22 (40)
So we can express S and βE in terms of βJ as
S = S0 − 2N (βJ ) 4n+2Cn, βE = 8N
n− 2(βJ )
4
n+2Cn (41)
with Cn a constant coefficient that only depends on n. We see that this model has the
interesting feature that the entropy S − S0 and the energy E scale with β. It is for this
reason that we refer the model as the scaling model.
The Lyapunov exponent can be calculated numerically using (31). If we introduce the
new variable x ∈ [1,∞) defined by g = xgm and use the relation (40), then the equation
(31) becomes(
2− 2
xn
)
f ′′(x) +
n
xn+1
f ′(x) +
n(n+ 1)
xn+2
f(x) =
(
λβ
2pi
)2
Anf(x) (42)
with An =
piΓ2( 1
n
)
2Γ2( 1
n
+ 1
2
)
. We see that the rescaled chaos exponent λβ
2pi
does not change with
temperature in this model, a feature absent in other SYK models. We plot in figure 4
the rescaled chaos exponent against the power n and we observe that the rescaled chaos
exponent approaches to the chaos bound as n increases.
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Figure 4: The figure shows the Lyapunov exponent for the scaling model with different
values of n. The rescaled Lyapunov exponent approaches the chaos bound as n increases.
6 Eigenvalue structure of the chaos exponent equation
As we have shown in the previous section, the problem of calculating the chaos exponent in
the generalized large q SYK model with the potential W (g) is equivalent to the quantum
mechanics problem of finding the energy spectrum of the bound states for a particle moving
in the potential ∂2gW (g). From the definition (11) of U(g) and U(g) = −∂gW (g), we see
that the possible form of W (g) is quite restricted in the generalized large q SYK model.
Specifically,W (g) has to be the Laplace transformation of a negative distribution and thus
has the following properties:
1. W (g) goes to a constant as g → −∞. This constant is arbitrary so we can always
set it to be zero.
2. Any number of derivatives of W is always negative. In particular, W (g) is monoton-
ically decreasing.
3. W (g) is well defined for g ∈ (−∞, 0).
As a result, the potential ∂2gW (g) will always have a bound state. This implies that there
is always an exponential growth at the late time for OTOC in the generalized large q SYK
model.
It is natural to ask if there is any subleading exponential growth in the late time OTOC
for the model.5 In terms of the equivalent quantum mechanics problem, this translates to
the question if there exists any other bound states besides the ground state. Here we shall
5We thank Y.Gu and D.Stanford for helpful discussion on this.
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argue that there is no such bound states, so no subleading chaos growth in the generalized
large q SYK model. Although it is difficult to solve the bound state spectrum directly for
general potential ∂2gW (g), we notice that there always exits a scattering state with λL = 0.
The wavefunction of this state is given by
f(σ) = g′(σ), or f(g) =
√
W (g)−W (gm) (43)
We can verify this directly by plugging into the chaos exponent equation (27) and recall
that g′′(t) = −U(g) = ∂gW (g). Such a mode with zero chaos exponent has to exist because
of energy conservation and we see explicitly that the eigenfunction is generated by taking
a time derivative. Furthermore, this scattering state has only one zero point at g = gm
since W (g) monotonically decreases. By the node theorem from quantum mechanics, this
should be the first excited state and therefore the spectrum of the system consists of only
one single bound state, which means a unique Lyapunov exponent.
7 Conclusion
In this paper we studied the generalized large q SYK models. We derived the expressions
for the thermodynamic quantities such as energy (20) and entropy (21) and wrote down
the general equation to calculate the chaos exponent (31) in such models. We pointed out
that the equation (31) is convenient to do numerical calculations and analyzed its eigen-
value structures. In particular our analysis showed that there exists only one Lyapunov
exponent in the generalized large q SYK models and we expect this is a general feature
for ladder diagram dominated models. We studied two particular models: the first is the
large q and 2q model where the chaos exponent displays initial decrease under relevant
deformation; the second is the scaling model where the chaos exponent is a constant ratio
of the maximum value at all temperatures.
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A Derivation of the effective action
In this section, we compute the free energy which is equivalent to the effective action by
using the replica trick [26]
βF = −lnZ = − lim
M→0
lnZM
M
(44)
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where the bar indicates averaging over the disorder and ZM is the partition function of M
copies of the system. Specifically, we have
ZM =
∫
DJI(α)
∫
DχaiP [JI ]
exp
[
−
∑
a
∫
dτ
(
1
2
∑
i
χai ∂τχ
a
i +
∫ ∞
0
dα(i)
αq
2
Γ(αq + 1)
∑
I
JI(α)χ
a,αq
I
)]
(45)
where a is the replica index, a ∈ {1, . . . ,M}, i ∈ {1, . . . , N}, and I in JI(α) is the collective
index representing i1 . . . iαq, and P [JI ] is the probability distribution for JI(α) which gives
(8). We can regard JI as a dynamical field with propagator (8) and integrate it out. The
result is
ZM =
∫
Dχai exp
[
−
∑
a,i
1
2
∫
dτχai ∂τχ
a
i
+
1
4
∫ ∞
0
dα
J 2(α)N
αq2
∑
a,b
∫
dτ1dτ2
(
2
N
∑
i
χai (τ1)χ
b
i(τ2)
)αq]
(46)
Next we introduce the collective fields
Gab(τ1, τ2) =
1
N
∑
i
χai (τ1)χ
b
i(τ2) (47)
and insert into (46) the following delta function∫
dΣab(τ1, τ2) exp
[
−N
2
Σab(τ1, τ2)
(
Gab(τ1, τ2)− 1
N
∑
i
χai (τ1)χ
b
i(τ2)
)]
(48)
This leads to
ZM =
∫
DΣDG
∫
Dχai exp
[
−1
2
∑
a,i
∫
dτχai ∂τχ
a
i +
1
2
∑
a,b,i
∫
dτ1dτ2Σ
ab(τ1, τ2)χ
a
i (τ1)χ
b
i(τ2)
−N
2
∑
a,b
∫
dτ1dτ2
(
Σab(τ1, τ2)G
ab(τ1, τ2)−
∫ ∞
0
dα
J 2(α)
2αq2
(
2Gab(τ1, τ2)
)αq)] (49)
Now we can integrate out the fermions and arrive at
ZM =
∫
DΣDG exp
{
N
∑
a,b
[
Tr log(δab∂τ − Σab)
− 1
2
∫
dτ1dτ2
(
Σab(τ1, τ2)G
ab(τ1, τ2)− 1
2q2
∫ ∞
0
dα
J 2(α)
α
(
2Gab(τ1, τ2)
)αq)]} (50)
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Finally, we shall assume a replica symmetric saddle point so that Gab(τ1, τ2) = δabG(τ1, τ2)
and Σab(τ1, τ2) = δabΣ(τ1, τ2), then we have
ZM =
∫
DΣDG exp (−MSE) (51)
where the large N effective action SE is
−SE
N
=
1
2
Tr log(∂τ−Σ)−1
2
∫
dτ1dτ2
[
Σ(τ1, τ2)G(τ1, τ2)− 1
2q2
∫ ∞
0
dα
J 2(α)
α
[2G(τ1, τ2)]
αq
]
(52)
Using (9) and (10), the determinant term can be expanded in large q limit as
Tr log(∂τ − Σ) = Tr log(G−10 )− Tr(G0 ∗ Σ)−
1
2
Tr(G0 ∗ Σ ∗G0 ∗ Σ) + . . . (53)
with G0(τ1, τ2) = 12sgn(τ1 − τ2). The Tr log(G−10 ) term gives the entropy of free fermions
while the Tr(G0 ∗ Σ) term vanishes. Ignoring the constant piece, we have to order q−2:
SE
N
'1
4
Tr(G0 ∗ Σ ∗G0 ∗ Σ) + 1
2q
∫
dτ1dτ2Σ(τ1, τ2)G0(τ1, τ2)g(τ1, τ2)
− 1
4q2
∫
dτ1dτ2
∫ ∞
0
dα
J 2(α)
α
eαg(τ1,τ2) (54)
If we define
Φ(τ1, τ2) = [G0 ∗ Σ](τ1, τ2) (55)
Then it follows that
Σ(τ1, τ2) = ∂τ1Φ(τ1, τ2) (56)
and (54) becomes
SE
N
'1
4
Tr(Φ ∗ Φ) + 1
2q
∫
dτ1dτ2∂τ1Φ(τ1, τ2)G0(τ1, τ2)g(τ1, τ2)
− 1
4q2
∫
dτ1dτ2
∫ ∞
0
dα
J 2(α)
α
eαg(τ1,τ2) (57)
After integrating out Φ, we obtain (after subtracting the constant piece)
SE
N
=
1
4q2
∫
dτ1dτ2∂τ1(G0(τ1, τ2)g(τ1, τ2))∂τ2(G0(τ1, τ2)g(τ1, τ2))
− 1
4q2
∫
dτ1dτ2
∫ ∞
0
dα
J 2(α)
α
eαg(τ1,τ2)
=
1
16q2
∫
dτ1dτ2∂τ1g(τ1, τ2)∂τ2g(τ1, τ2)−
1
4q2
∫
dτ1dτ2
∫ ∞
0
dα
J 2(α)
α
eαg(τ1,τ2)
=
1
16q2
∫
dτ1dτ2∂τ1g(τ1, τ2)∂τ2g(τ1, τ2) +
1
8q2
∫
dτ1dτ2W (g(τ1, τ2)) (58)
To arrive at the first line, we use the property that g(τ1, τ2) = g(τ2, τ1) from the definition
of G(τ1, τ2) and the last line follows from the definition of U(g) and W (g).
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B Thermodynamics of the standard large q SYK model
In the large q limit of the standard SYK model [4], we have U(g) = 2J 2eg and W (g) =
−2J 2eg. Then it follows from (13) that
βJ = 2 exp
(
−gm
2
)
tan−1
(√
e−gm − 1
)
(59)
If we define ν such that tan(piν
2
) =
√
e−gm − 1, then we have the relations
βJ = piν
cos(piν
2
)
, 2J 2 cos2
(piν
2
)
= −W (gm) (60)
Using (60) and (21), we have
S = S0 − N
4q2
pi2ν2 (61)
We can use (60) to obtain the low-temperature expansion of ν as
ν = 1− 2
βJ + o(
1
(βJ )2 ) (62)
which reproduces the − pi2
4q2
term of the zero-temperature entropy of the standard large-q
model result.
C Perturbative calculations in large q and 2q model
The equation (34) can be solved analytically and we have the solution
eg(t) =
2ν2√J 4 + ν2K2 cos(2νt− νβ) + J 2 , with
2ν2 − J 2√J 4 + ν2K2 = cos(νβ) (63)
Since ν is dimensionful, if we introduce ν = ω
β
with ω ∼ o(1), then the equation for ν
becomes
2ω2 − (βJ )2√
(βJ )4 + ω2(βK)2 = cos(ω) (64)
from which we see that the transition from two conformal points occurs at the temperature
(βJ )2 ∼ βK.
If we plug the solution (63) into (28) and define x = 2νσ, together with J 2 = A cos θ
and νK = A sin θ where θ ∈ (0, pi
2
), we then have
− ∂2xfλ(x)−
cos θ
coshx+ cos θ
fλ(x)− 2 sin
2 θ
(coshx+ cos θ)2
fλ(x) = −( λ
4ν
)2fλ(x) (65)
Although we are not able to solve (65), we can consider doing perturbation around the
two conformal points and evaluate the correction to the Lyapunov exponent.
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We first consider the case that  = (βJ )
2
βK  1 and βK  1, then we have
ω =
pi
2
+
2
pi
− pi
βK + o(
1
(βK)2 ), θ =
pi
2
− 2
pi
+ o( 1
(βK)2 ) (66)
The left-hand-side of perturbed equation (65) becomes
− ∂2xfλ(x)−
2
cosh2 x
fλ(x)− 
(
1
coshx
− 4
cosh3 x
)
fλ(x) (67)
Using the unperturbed ground state solution fλ(x) = 1√2 coshx , we get
λ = 4ν(1− 1
2
) =
2pi
β
[
1− 2
βK + (
1
2
− 4
pi2
)
(βJ )2
βK
]
+ o( 1
(βK)2 ) (68)
We can also consider the case that 1
βJ  γ = βK(βJ )2  1, then we have
θ = ωγ + o(γ2), ω = pi − piγ + o( 1
βJ ) (69)
The l.h.s of the perturbed equation becomes
− ∂2xfλ(x)−
1
2 cosh2 x
2
fλ(x)− γ
2pi2
2
4− coshx
1 + cosh2 x
fλ(x) (70)
However, in this case we see that the perturbation starts at o(γ2), which implies that the
eigenvalue of the ground state is −1
4
+ o(γ2). So we have at o(γ)
λ = 2ν =
2pi
β
(1− γ + o(γ2)) = 2pi
β
[
1− βK
(βJ )2 + o((
βK
(βJ )2 )
2)
]
(71)
D Derivation of the chaos exponent from retarded ker-
nel
The F (t1, t2) function satisfies the following equation which comes from a set of ladder
diagrams
F (t1, t2) =
∫
dt3dt4KR(t1, t2; t3, t4)F (t3, t4) (72)
The retarded kernel KR(t1, t2; t3, t4) is defined by
KR(t1, t2; t3, t4) = GR(t13)GR(t24)
∫ ∞
0
dαJ2(α)(αq − 1)22−αq[Glr(t34)]αq−2 (73)
= θ(t13)θ(t24)∂gU(g(
β
2
+ it34)) (74)
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where GR(t) is the retarded propagator, which in the large q limit is just θ(t), and Glr
is the Wightman correlator with points separated by half of the thermal circle (Glr(t) =
G(β
2
+ it)).
To solve (72), we use the growth ansatz
F (t1, t2) = e
λL(t1+t2)/2fλ(t12) (75)
then the Lyapunov exponent is just the values of λL such that f(t) is an eigenfunction of
KR with eigenvalue one by solving (72).
By substituting (74) and (75) into (72) and taking derivatives with respect to t1 and
t2, we obtain the following equation[
λ2L
4
− ∂2σ
]
fλ(σ) = ∂gU(g(
β
2
+ iσ))fλ(σ) (76)
with σ = t12. The calculation of the Lyapunov exponent becomes the quantum mechanics
problem of solving the bound state energy with the potential ∂gU(g(β2 + iσ)).
References
[1] S. Sachdev and J. Ye, “Gapless spin fluid ground state in a random, quantum
Heisenberg magnet,” Phys. Rev. Lett. 70 (1993) 3339, arXiv:cond-mat/9212030
[cond-mat].
[2] A. Kitaev, “A simple model of quantum holography,”
http://online.kitp.ucsb.edu/online/entangled15/kitaev/.
[3] A. Kitaev and S. J. Suh, “The soft mode in the Sachdev-Ye-Kitaev model and its
gravity dual,” JHEP 05 (2018) 183, arXiv:1711.08467 [hep-th].
[4] J. Maldacena and D. Stanford, “Remarks on the Sachdev-Ye-Kitaev model,” Phys.
Rev. D94 no. 10, (2016) 106002, arXiv:1604.07818 [hep-th].
[5] R. Jackiw, “Lower Dimensional Gravity,” Nucl. Phys. B252 (1985) 343–356.
[6] C. Teitelboim, “Gravitation and Hamiltonian Structure in Two Space-Time
Dimensions,” Phys. Lett. 126B (1983) 41–45.
[7] A. Almheiri and J. Polchinski, “Models of AdS2 backreaction and holography,”
JHEP 11 (2015) 014, arXiv:1402.6334 [hep-th].
[8] J. Maldacena, D. Stanford, and Z. Yang, “Conformal symmetry and its breaking in
two dimensional Nearly Anti-de-Sitter space,” PTEP 2016 no. 12, (2016) 12C104,
arXiv:1606.01857 [hep-th].
18
[9] K. Jensen, “Chaos in AdS2 Holography,” Phys. Rev. Lett. 117 no. 11, (2016) 111601,
arXiv:1605.06098 [hep-th].
[10] J. Engelsöy, T. G. Mertens, and H. Verlinde, “An investigation of AdS2 backreaction
and holography,” JHEP 07 (2016) 139, arXiv:1606.03438 [hep-th].
[11] P. Saad, S. H. Shenker, and D. Stanford, “JT gravity as a matrix integral,”
arXiv:1903.11115 [hep-th].
[12] J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker,
D. Stanford, A. Streicher, and M. Tezuka, “Black holes and random matrices,”
Journal of High Energy Physics 2017 no. 5, (May, 2017) 118, arXiv:1611.04650
[hep-th].
[13] L. Erdős and D. Schröder, “Phase Transition in the Density of States of Quantum
Spin Glasses,” Mathematical Physics, Analysis and Geometry 17 (Dec., 2014)
441–464, arXiv:1407.1552 [math-ph].
[14] M. Berkooz, M. Isachenkov, V. Narovlansky, and G. Torrents, “Towards a full
solution of the large N double-scaled SYK model,” JHEP 03 (2019) 079,
arXiv:1811.02584 [hep-th].
[15] X.-L. Qi and A. Streicher, “Quantum Epidemiology: Operator Growth, Thermal
Effects, and SYK,” arXiv:1810.11958 [hep-th].
[16] Z. Bi, C.-M. Jian, Y.-Z. You, K. A. Pawlak, and C. Xu, “Instability of the
non-Fermi liquid state of the Sachdev-Ye-Kitaev Model,” Phys. Rev. B95 no. 20,
(2017) 205105, arXiv:1701.07081 [cond-mat.str-el].
[17] X. Chen, R. Fan, Y. Chen, H. Zhai, and P. Zhang, “Competition between Chaotic
and Nonchaotic Phases in a Quadratically Coupled Sachdev-Ye-Kitaev Model,”
Phys. Rev. Lett. 119 no. 20, (2017) 207603, arXiv:1705.03406
[cond-mat.str-el].
[18] H. W. Lin, J. Maldacena, and Y. Zhao, “Symmetries Near the Horizon,”
arXiv:1904.12820 [hep-th].
[19] L. Susskind, “Complexity and Newton’s Laws,” arXiv:1904.12819 [hep-th].
[20] J. Maldacena and X.-L. Qi, “Eternal traversable wormhole,” arXiv:1804.00491
[hep-th].
[21] J. Maldacena, D. Stanford, and Z. Yang, “Diving into traversable wormholes,”
Fortsch. Phys. 65 no. 5, (2017) 1700034, arXiv:1704.05333 [hep-th].
19
[22] P. Gao, D. L. Jafferis, and A. C. Wall, “Traversable wormholes via a double trace
deformation,” Journal of High Energy Physics 2017 no. 12, (Dec, 2017) 151,
arXiv:1608.05687 [hep-th].
[23] Y. Chen and P. Zhang, “Entanglement Entropy of Two Coupled SYK Models and
Eternal Traversable Wormhole,” arXiv:1903.10532 [hep-th].
[24] G. Tarnopolsky, “Large q expansion in the Sachdev-Ye-Kitaev model,” Phys. Rev.
D99 no. 2, (2019) 026010, arXiv:1801.06871 [hep-th].
[25] J. Maldacena, G. J. Turiaci, and Z. Yang, “Two dimensional Nearly de Sitter
gravity,” arXiv:1904.01911 [hep-th].
[26] D. J. Gross and V. Rosenhaus, “A generalization of Sachdev-Ye-Kitaev,” Journal of
High Energy Physics 2017 no. 2, (Feb, 2017) 93, arXiv:1610.01569 [hep-th].
20
